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ELECTROMAGNETIC STEKLOFF EIGENVALUES:
APPROXIMATION ANALYSIS
MARTIN HALLA
Abstract. We continue the work of [Camano, Lackner, Monk, SIAM J. Math.
Anal., Vol. 49, No. 6, pp. 4376-4401 (2017)] on electromagnetic Stekloff eigen-
values. The authors recognized that in general the eigenvalues due not corre-
spond to the spectrum of a compact operator and hence proposed a modified
eigenvalue problem with the desired properties.
The present article considers the original and the modified electromagnetic
Stekloff eigenvalue problem. We cast the problems as eigenvalue problem for
a holomorphic operator function A(·). We construct a “test function operator
function” T (·) so that A(λ) is weakly T (λ)-coercive for all suitable λ, i.e.
T (λ)∗A(λ) is a compact perturbation of a coercive operator. The construction
of T (·) relies on a suitable decomposition of the function space into subspaces
and an apt sign change on each subspace.
For the approximation analysis, we apply the framework of T-compatible
Galerkin approximations. For the modified problem, we prove that convenient
commuting projection operators imply T-compatibility and hence convergence.
For the original problem, we require the projection operators to satisfy an
additional commutator property involving the tangential trace. The existence
and construction of such projection operators remain open questions.
1. Introduction
Novel nondestructive evaluation methods based on inverse scattering [8] give rise
to a multitude of new eigenvalue problems. Among these are so-called transmission
eigenvalue problems [9] and Stekloff eigenvalue problems [7]. Not all of these eigen-
value problems fall into classes which are covered in classical literature. Among the
important questions on these eigenvalue problems are
• Fredholm properties (which imply the discreteness of the spectrum),
• the existence of eigenvalues,
• properties of the eigenvalues
• and reliable computational approximations.
The electromagnetic Stekloff eigenvalue problem to find (λ, u) so that
curl curlu− ω2ǫu = 0 in Ω,
ν × curlu+ λ ν × u× ν = 0 at ∂Ω.
was considered in the recent publication [10]. Therein the authors of [10] considered
the case that Ω is a ball and the material parameter ǫ is constant. For this setting
they proved the existence of two infinite sequences of eigenvalues, one converging
to zero and one converging to infinity. Consequently the eigenvalue problem can’t
be transformed to an eigenvalue problem for a compact operator. This observation
led the authors of [10] to discard the original eigenvalue problem and to modify
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instead the boundary condition to
ν × curlu+ λSν × u× ν = 0 at ∂Ω.
with a suitable operator S. The authors of [10] proved that the modified eigenvalue
problem can indeed be transformed to an eigenvalue problem for a compact oper-
ator.
In this note we consider the original as well as the modified electromagnetic
Stekloff eigenvalue problem. We formulate the problems as holomorphic operator
function eigenvalue problems to find (λ, u) ∈ C×X so that A(λ)u = 0.
We assume reasonable conditions on the material parameters and the domain to
analyze the Fredholmness of A(λ). We prove that for the original problem A(λ)
is Fredholm if and only if λ ∈ C \ {0}, while for the modified problem A(λ) is
Fredholm for all λ ∈ C. For our analysis we construct an operator function T (·)
which is bijective at each λ ∈ C \ {0} (respective λ ∈ C) so that T (λ)∗A(λ) is a
compact perturbation of a coercive operator. The construction of T (·) involves a
decomposition of the function space into subspaces and an apt sign change on each
subspace.
We apply the framework of [14] to analyze the convergence of Galerkin approx-
imations. To this end, we need to construct apt approximations of T (·). We prove
for the modified problem, that the existence of convenient commuting projections
imply the existence of such apt approximations of T (·). For the original problem,
we require the projection operators to satisfy an additional commuting property,
which involves the tangential trace, to establish the same result. However, the ex-
istence and construction of such projection operators isn’t answered in this article
and apt for future research.
We report on the existence and behavior of eigenvalues to the electromagnetic
Stekloff eigenvalue problems in the self adjoint case in the companion article [13].
The remainder of this article is organized as follows. In Section 2 we set our nota-
tion and formulate our assumptions on the domain and the material parameters. We
also recall some classic regularity, embedding and decomposition results which will
be essential for our analysis. In Section 3 we introduce the considered electromag-
netic Stekloff eigenvalue problem and define the associated holomorphic operator
function AX(·). We define T (·) and prove that AX(·) is weakly T (·)-coercive on
C \ {0} while AX(0) is not Fredholm. In Section 4 we prove that Galerkin approx-
imations which admit uniformly bounded commuting projections are asymptoticly
reliable. In Section 5 we introduce the modified electromagnetic Stekloff eigenvalue
problem and define the associated holomorphic operator function A˜X˜(·). We define
T˜ and prove that A˜X˜(·) is weakly T˜ -coercive. We introduce a reformulation of
the eigenvalue problem by means of an operator function A˜l(·), which avoids the
explicit appearance of S. Likewise we define T˜ l(·) and prove that A˜l(·) is weakly
T˜ l(·)-coercive. In Section 6 we prove that Galerkin approximations which admit
uniformly bounded commuting projections are asymptoticly reliable. We further
discuss the computational implementation of the Galerkin approximations.
2. General setting
In this section we set our notation, formulate assumptions on the domain and
material parameters, recall necessary results from different literature.
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2.1. Functional analysis. For generic Banach spaces (X, ‖ · ‖X), (Y, ‖ · ‖Y ) de-
note L(X,Y ) the space of all bounded linear operators from X to Y with op-
erator norm ‖A‖L(X,Y ) := supu∈X\{0} ‖Au‖Y /‖u‖X, A ∈ L(X,Y ). We further
set L(X) := L(X,X). For generic Hilbert spaces (X, 〈·, ·〉X), (Y, 〈·, ·〉Y ) and A ∈
L(X,Y ) we denote A∗ ∈ L(Y,X) its adjoint operator defined through 〈u,A∗u′〉X =
〈Au, u′〉Y for all u ∈ X,u′ ∈ Y . We say that an operator A ∈ L(X) is coercive
if infu∈X\{0} |〈Au, u〉X |/‖u‖2X > 0. We say that A ∈ L(X) is weakly coercive, if
there exists a compact operator K ∈ L(X) so that A+K is coercive. For bijective
T ∈ L(X) we say that A is (weakly) T -coercive, if T ∗A is (weakly) coercive. Let
Λ ⊂ C be open and consider operator functions A(·), T (·) : Λ→ L(X) so that T (λ)
is bijective for all λ ∈ Λ. We call A(·) (weakly) (T (·)-)coercive if A(λ) is (weakly)
(T (λ)-)coercive for all λ ∈ Λ. We denote the spectrum of A(·) as σ(A(·)) := {λ ∈
Λ: A(λ) is not bijective} and the resolvent set as ρ(A(·)) := Λ \ σ(A(·)). For a
subspace Xn ⊂ X denote Pn ∈ L(X,Xn) the orthogonal projection. Consider
A ∈ L(X) to be weakly T -coercive. For a sequence (Xn)n∈N of finite dimensional
subspaces Xn ⊂ X with limn∈N ‖u − Pnu‖X = 0 for each u ∈ X , we say that
the Galerkin approximation PnA|Xn ∈ L(Xn) is T -compatible, if there exists a
sequence (Tn)n∈N, Tn ∈ L(Xn) so that
‖T − Tn‖n := sup
un∈Xn\{0}
‖(T − Tn)un‖X/‖un‖X(1)
tends to zero as n → ∞. Let A(·) : Λ → L(X) be weakly T (·)-coercive. We say
that the Galerkin approximation PnA(·)|Xn : Λ → L(Xn) is T (·)-compatible, if
PnA(λ)|Xn ∈ L(Xn) is T (λ)-compatible for each λ ∈ Λ.
2.2. Lebesgue and Sobolev spaces. Let Ω ⊂ R3 be a bounded path connected
Lipschitz domain and ν the outer unit normal vector at ∂Ω. We use standard
notation for Lebesgue and Sobolev spaces L2(Ω), L∞(Ω), W 1,∞(Ω), Hs(Ω) defined
on the domain Ω and L2(∂Ω), Hs(∂Ω) defined on the boundary ∂Ω. We recall
the continuity of the trace operator tr ∈ L(Hs(Ω), Hs−1/2) for all s > 1/2. For
a vector space X of scalar valued functions we denote its bold symbol as space of
three-vector valued functions X := X3 = X ×X ×X , e.g. L2(Ω), Hs(Ω), L2(∂Ω),
Hs(∂Ω). For L2(∂Ω) or a subspace, e.g. Hs(∂Ω), s > 0, the subscript t denotes the
subspace of tangential fields. In particular L2t (∂Ω) = {u ∈ L2(∂Ω): ν · u = 0} and
Hst (∂Ω) = {u ∈ Hs(∂Ω): ν · u = 0}. Let further H10 (Ω) be the subspace of H1(Ω)
of all functions with vanishing Dirichlet trace, H1∗ (Ω) be the subspace of H
1(Ω) of
all functions with vanishing mean, i.e. 〈u, 1〉L2(Ω) = 0 and H1∗ (∂Ω) be the subspace
of H1(∂Ω) of all functions with vanishing mean 〈u, 1〉L2(∂Ω) = 0.
2.3. Additional function spaces. Denote ∂xiu the partial derivative of a function
u with respect to the variable xi. Let
∇u := (∂x1u, ∂x2u, ∂x3u)⊤,
div(u1, u2, u3)
⊤ := ∂x1u1 + ∂x2u2 + ∂x3u3,
curl(u1, u2, u3)
⊤ := (−∂x2u1 + ∂x1u3, ∂x3u1 − ∂x1u3,−∂x2u1 + ∂x1u2)⊤.
For a bounded Lipschitz domain Ω let ∇∂ , div∂ and curl∂ = ν × ∇∂ be the re-
spective differential operators for functions defined on ∂Ω. We recall that for
u ∈ L2(Ω) with curlu ∈ L2(Ω) the tangential trace trν× u ∈ H−1/2(div∂ ; ∂Ω) :=
{u ∈ H−1/2(∂Ω): div∂ u ∈ H−1/2(∂Ω)}, ‖u‖2H−1/2(div∂ ;∂Ω) := ‖u‖2H−1/2(∂Ω) +
‖ div∂ u‖2H−1/2(∂Ω) is well defined and ‖ trν× u‖2H−1/2(div∂ ;∂Ω) is bounded by a con-
stant times ‖u‖2
L2(Ω)+‖ curlu‖2L2(Ω). Likewise for u ∈ L2(Ω) with div u ∈ L2(Ω) the
4 MARTIN HALLA
normal trace trν· u ∈ H−1/2(∂Ω) is well defined and ‖ trν· u‖2H−1/2(∂Ω) is bounded
by a constant times ‖u‖2
L2(Ω) + ‖ div u‖2L2(Ω). For d ∈ {curl, div, trν×, trν·} let
L2(d) :=


L2(Ω), d = curl,
L2(Ω), d = div,
L2t (∂Ω), d = trν×,
L2(∂Ω), d = trν·
.(2a)
Let
H(d; Ω) := {u ∈ L2(Ω): du ∈ L2(d)},
〈u, u′〉H(d;Ω) := 〈u, u′〉L2(Ω) + 〈du, du′〉L2(d),
(2b)
H(d0; Ω) := {u ∈ H(d; Ω): du = 0}.(2c)
Also for
d1, d2, d3, d4 ∈ { curl, div, trν×, trν·, curl0, div0, tr0ν×, tr0ν·}
let
H(d1, d2; Ω) := H(d1; Ω) ∩H(d2; Ω),
〈u, u′〉H(d1,d2;Ω) := 〈u, u′〉L2(Ω) + 〈d1u, d1u′〉L2(d1) + 〈d2u, d2u′〉L2(d2),
(2d)
H(d1, d2, d3; Ω) := H(d1; Ω) ∩H(d2; Ω) ∩H(d3; Ω),
〈u, u′〉H(d1,d2,d3;Ω) := 〈u, u′〉L2(Ω) + 〈d1u, d1u′〉L2(d1) + 〈d2u, d2u′〉L2(d2)
+ 〈d3u, d3u′〉L2(d3),
(2e)
and
H(d1, d2, d3, d4; Ω) := H(d1; Ω) ∩H(d2; Ω) ∩H(d3; Ω) ∩H(d4; Ω),
〈u, u′〉H(d1,d2,d3,d4;Ω) := 〈u, u′〉L2(Ω) + 〈d1u, d1u′〉L2(d1) + 〈d2u, d2u′〉L2(d2)
+ 〈d3u, d3u′〉L2(d3) + 〈d4u, d4u′〉L2(d4).
(2f)
2.4. Assumptions on the domain and material parameters.
Assumption 2.1 (Assumption on ǫ). Let ǫ ∈ (L∞(Ω))3x3 be so that there exist
cǫ > 0 with
cǫ|ξ|2 ≤ ℜ(ξHǫ(x)ξ) and 0 ≤ ℑ(ξHǫ(x)ξ)(3)
for all x ∈ Ω and all ξ ∈ C3.
Assumption 2.2 (Assumption on µ). Let µ−1 ∈ (L∞(Ω))3x3 be so that there exist
cµ > 0 with
cµ|ξ|2 ≤ ℜ(ξHµ−1(x)ξ) and 0 ≤ −ℑ(ξHµ−1(x)ξ)(4)
for all x ∈ Ω and all ξ ∈ C3.
Assumption 2.3 (Assumption on Ω). Let Ω ⊂ R3 be a bounded path connected
Lipschitz domain so that there exists δ > 0 and the following shift theorem holds
on Ω: Let f ∈ L2(Ω), g ∈ H1/2(∂Ω) with 〈g, 1〉L2(∂Ω) = 0 and w ∈ H1∗ (Ω) be the
solution to
−∆w = f in Ω,(5a)
n · ∇w = g at ∂Ω.(5b)
Then the linear map (f, g) 7→ w : L2(Ω) ×H1/2(∂Ω) → H3/2+δ(Ω) is well defined
and continuous.
The above assumption holds e.g. for smooth domains and Lipschitz polyhe-
dral [12, Corollary 23.5].
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Assumption 2.4 (Assumption on Ω, ǫ and µ−1). Let ǫ, µ−1 and Ω be so that a
unique continuation principle holds, i.e. if u ∈ H(curl; Ω) solves
curlµ−1 curlu− ω2ǫu = 0 in Ω,(6a)
trν× u = 0 at ∂Ω,(6b)
trν× µ
−1 curlu = 0 at ∂Ω,(6c)
then u = 0.
To our knowledge the most general todays available result on the unique contin-
uation principle for Maxwells equations is the one of Ball, Capdeboscq and Tsering-
Xiao [3]. It essentially requires ǫ and µ−1 to be piece-wise W 1,∞.
2.5. Trace regularities and compact embeddings. We recall some classical
results on traces and embeddings, which will be essential for our analysis. We
recall from Costabel [11]:
trν· ∈ L
(
H(curl, div, trν×; Ω), L
2(∂Ω)
)
,(7a)
trν× ∈ L
(
H(curl, div, trν·; Ω),L
2
t (∂Ω)
)
.(7b)
and
The embedding from H(curl, div, trν×; Ω) to L
2(Ω) is compact.(8)
We deduce from Amrouche, Bernardi, Dauge and Girault [1, Proposition 3.7]:
If Ω suffices Assumption 2.3, then trν× ∈ L
(
H(curl, div, tr0ν·; Ω),L
2
t (∂Ω)
)
is compact.
(9)
2.6. Helmholtz decomposition on the boundary. We recall from Buffa, Costa-
bel and Sheen [5, Theorem 5.5]:
L2t (∂Ω) = ∇∂H1(∂Ω)⊕⊥ curl∂ H1(∂Ω).(10)
and denote the respective orthogonal projections by
P∇∂ : L
2
t (∂Ω)→ ∇∂H1(∂Ω), P∇⊤∂ : L
2
t (∂Ω)→ curl∂ H1(∂Ω).(11)
Recall div∂ trν× ∈ L
(
H(curl; Ω), H−1/2(∂Ω)
)
. So for u ∈ H(curl; Ω) let z be the
solution to find z ∈ H1∗ (∂Ω) so that
〈∇∂z,∇∂z′〉L2t (∂Ω) = −〈div∂ trν× u, z′〉H−1(∂Ω)×H1(∂Ω)(12)
for all z′ ∈ H1∗ (∂Ω) and set
Su := ∇∂z.(13)
From the construction of S it follows S ∈ L(H(curl; Ω),L2t (∂Ω)) and further
Su = P∇∂ trν× u(14)
for u ∈ H(curl, trν×; Ω).
3. Weak T (·)-coercivity of the Stekloff operator function
First we introduce the electromagnetic Stekloff eigenvalue problem as holomor-
phic operator function eigenvalue problem. In Theorem 3.1 we report an apt de-
composition of the respective Hilbert space into three subspaces. Next we intro-
duce in (24) an operator function T (·) as an apt sign change on the subspaces. In
Theorem 3.2 we report the weak T (·)-coercivity of the Stekloff operator function
on C \ {0}. In Corollary 3.3 we deduce convenient properties of the spectrum in
C \ {0}. In Corollary 3.4 we report that λ = 0 constitutes the essential spectrum.
However, these two Corollaries make no statement on the existence of eigenvalues.
We report in a companion article [13] the existence and behavior of eigenvalues for
6 MARTIN HALLA
purely real, symmetric µ and ǫ, i.e. in the selfadjoint case.
Let ω > 0 be fixed. For λ ∈ C let A(λ) ∈ L(H(curl, trν×; Ω)) be defined through
〈A(λ)u, u′〉H(curl,trν×;Ω) := 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω)
− λ〈trν× u, trν× u′〉L2t (∂Ω) for all u, u′ ∈ H(curl, trν×; Ω).
(15)
The electromagnetic Stekloff eigenvalue problem which we investigate in this section
is to
find (λ, u) ∈ C×H(curl, trν×; Ω) \ {0} so that A(λ)u = 0.(16)
We note that the sign of λ herein is reversed compared to [10]. To analyze the
operator A(λ) we introduce the following subspaces of H(curl, trν×; Ω):
V := H(curl, div0, trν×, tr
0
ν·; Ω),(17a)
W1 := H(curl
0, div0, trν×; Ω),(17b)
W2 := ∇H10 ⊂ H(curl0, tr0ν×; Ω).(17c)
Theorem 3.1. It holds
H(curl, trν×; Ω) = (V ⊕W1)⊕⊥H(curl,trν×;Ω) W2(18)
in the following sense. There exist projections PV , PW1 , PW2 ∈ L
(
H(curl, trν×; Ω)
)
with ranPV = V, ranPW1 = W1, ranPW2 = W2, W1,W2 ⊂ kerPV , V,W2 ⊂
kerPW1 , V,W1 ⊂ kerPW2 and u = Pvu+PW1u+PW2u for each u ∈ H(curl, trν×; Ω).
Thus, the norm induced by
〈u, u′〉X := 〈PV u, PV u′〉H(curl,trν×;Ω) + 〈PW1u, PW1u′〉H(curl,trν×;Ω)
+ 〈PW2u, PW2u′〉H(curl,trν×;Ω), u, u′ ∈ H(curl, trν×; Ω)
(19)
is equivalent to ‖ · ‖H(curl,trν×;Ω).
Proof. 1. Step: Let PW2 be the H(curl, trν×; Ω)-orthogonal projection onto W2.
Hence PW2 ∈ L
(
H(curl, trν×; Ω)
)
is a projection with range W2 and kernel
W
⊥H(curl,trν×;Ω)
2 = H(curl, div
0, trν×; Ω) ⊃ V,W1.
2a. Step: Let u ∈ H(curl, trν×; Ω). Note that due to div(u−PW2u) = 0 and (7)
it hold trν·(u−PW2u) ∈ L2(∂Ω) and 〈trν·(u−PW2u), 1〉L2(∂Ω) = 0. Let w∗ ∈ H1∗ (Ω)
be the unique solution to
−∆w∗ = 0 in Ω, ν · ∇w∗ = trν·(u − PW2u) at ∂Ω.
Let PW1u := ∇w∗. By construction of PW1 and due to (7) it hold ranPW1 ⊂ W1
and PW1 ∈ L
(
H(curl, trν×; Ω)
)
. Let u ∈ W1. Then PW2u = 0 and hence PW1u = u.
Thus PW1 is a projection and ranPW1 =W1.
2b. Step: If u ∈ W2 then u − PW2u = 0, further trν·(u − PW2u) = 0 and thus
PW1u = 0. HenceW2 ⊂ kerPW1 . If u ∈ V then PW2u = 0, further trν·(u−PW2u) =
trν· u = 0 and thus PW1u = 0. Hence V ⊂ kerPW1 .
3. Step: Let u ∈ H(curl, trν×; Ω) and PV u := u − PW1u − PW2u. It follow
PV ∈ L
(
H(curl, trν×; Ω)
)
, PV u ∈ V and PV PV u = PV u, i.e. PV is a bounded
projection. If u ∈ V then PW1u = PW2u = 0 and thus PV u = u. Hence ranPV = V .
It follow further W1,W2 ⊂ kerPV .
4. Step: By means of the triangle inequality and a Young inequality it holds.
‖u‖2H(curl,trν×;Ω) = ‖PV u+ PW1u+ PW2u‖2H(curl,trν×;Ω)
≤ 3(‖PV u‖2H(curl,trν×;Ω) + ‖PW1u‖2H(curl,trν×;Ω) + ‖PW2u‖2H(curl,trν×;Ω))
= 3‖u‖2X.
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On the other hand due to the boundedness of the projections
‖u‖2X = ‖PV u‖2H(curl,trν×;Ω) + ‖PW1u‖2H(curl,trν×;Ω) + ‖PW2u‖2H(curl,trν×;Ω)
≤ (‖PV ‖2L(H(curl,trν×;Ω)) + ‖PW1‖2L(H(curl,trν×;Ω))
+ ‖PW2‖2L(H(curl,trν×;Ω))
)‖u‖2H(curl,trν×;Ω).

Let us look at A(λ) in light of this substructure of H(curl, trν×; Ω). To this end
we consider the space
X := H(curl, trν×; Ω), 〈·, ·〉X as defined in (19).(20)
It follows that PV , PW1 and PW1 are even orthogonal projections in X . Let further
AX(·), Ac, Aǫ, Al2 , Atr ∈ L(X) be defined through
〈AX(λ)u, u′〉X := 〈A(λ)u, u′〉H(curl,trν×;Ω) for all u, u′ ∈ X,λ ∈ C(21a)
〈Acu, u′〉X := 〈µ−1 curlu, curlu′〉L2(Ω) for all u, u′ ∈ X,(21b)
〈Aǫu, u′〉X := 〈ǫu, u′〉L2(Ω) for all u, u′ ∈ X,(21c)
〈Al2u, u′〉X := 〈u, u′〉L2(Ω) for all u, u′ ∈ X,(21d)
〈Atru, u′〉X := 〈trν× u, trν× u′〉L2t (∂Ω) for all u, u′ ∈ X.(21e)
We deduce from the definitions of V,W1 and W2 that
AX(λ) = (PV + PW1 + PW2)(Ac − ω2Aǫ − λAtr)(PV + PW1 + PW2 )
= PV AcPV − ω2(PV + PW1 + PW2)Aǫ(PV + PW1 + PW2 )
− λ(PV + PW1 )Atr(PV + PW1)
= PV AcPV − ω2PW2AǫPW2 − λPW1AtrPW1
− ω2(PV AǫPV + PW1AǫPW1)
− λ(PV AtrPV + PV AtrPW1 + PW1AtrPV ).
(22)
If we identify X ∼ V ×W1 ×W2 and X ∋ u ∼ (v, w1, w2) ∈ V ×W1 ×W2, we can
identify AX(λ) with the block operator

PV Ac|V − PV (ω2Aǫ + λAtr)|V −PV (ω2Aǫ + λAtr)|W1 −ω2PV Aǫ|W2−PW1(ω2Aǫ + λAtr)|V −ω2PW1Aǫ|W1−λPW1Atr|W1 −ω2PW1Aǫ|W2
−ω2PW2Aǫ|V −ω2PW2Aǫ|W1 −ω2PW2Aǫ|W2

 .
(23)
We color highlighted in (22) and (23) the operators which are not compact. This
leads us to define a test function operator function in the following way. Let
T (λ) := PV − λ−1PW1 − ω−2PW2 , λ ∈ C \ {0}.(24)
Obviously T (λ) ∈ L(X) is bijective with T (λ)−1 = PV − λPW1 − ω2PW2 for λ ∈
C \ {0}.
Theorem 3.2. Let ǫ suffice Assumption 2.1, µ suffice Assumption 2.2 and Ω suffice
Assumption 2.3. Thence AX(·) : C \ {0} → L(X) is weakly T (·)-coercive.
Proof. Let λ ∈ C \ {0}. Let
A1 := PV AcPV + PV Al2PV + PV AtrPV
− λPW1Al2PW1 − λPW1AtrPW1 − ω2PW2AǫPW2
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and
A2 := −ω2
(
PV AǫPV + PW1AǫPW1 + PV AǫPW1 + PW1AǫPV
+ PVAǫPW2 + PW2AǫPV + PW1AǫPW2 + PW2AǫPW1
)
− PVAl2PV − (1 + λ)PV AtrPV
+ λPW1Al2PW1 − λ(PV AtrPW1 + PW1AtrPV
)
.
so that AX(λ) = A1 + A2. Operator A2 is compact due to (8) and (9) and hence
so is T ∗A2. It is straight forward to see
ℜ(〈A1u, T (λ)u〉X) ≥ min(1, cǫ, cµ)‖u‖2X ,
i.e. T (λ)∗A1 is coercive. 
We remark that the naming of the (sub)spaces as X,V,W1,W2 follows Buffa [6]
while the naming of the “test function operator” as T (λ) follows e.g. Bonnet-Ben
Dhia, Ciarlet and Zwo¨lf [4].
Corollary 3.3. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold true. Then AX(λ) is
bijective for all λ ∈ C with ℑ(λ) < 0. Hence the spectrum of AX(·) in C \ {0}
consists of an at most countable set of eigenvalues with finite algebraic multiplicity
which have no accumulation point in C \ {0}.
Proof. Let λ ∈ C with ℑ(λ) < 0 and u ∈ X be so that AX(λ)u = 0. It follows
0 = −ℑ(〈AX(λ)u, u)〉X) ≥ −ℑ(λ)‖ trν× u‖2L2t (∂Ω)
and together with Assumption 2.4 it follows further u = 0, i.e. AX(λ) is injective.
From Theorem 3.2 we know that AX(λ) is Fredholm with index zero for all λ ∈
C \ {0} and hence AX(λ) is bijective, if ℑ(λ) < 0.
Further AX(·) is holomorphic since it is even an affine function. The resolvent
set of AX(·) : C \ {0} → L(X) is non-empty. The result on the spectrum in C \
{0} is a classical result on holomorphic Fredholm operator functions, see e.g. [17,
Proposition A.8.4]. 
Corollary 3.4. Let ǫ suffice Assumptions 2.1. Then AX(0) is not Fredholm.
Proof. We construct a singular sequence (w1,n ∈W1)n∈N for A(0), i.e. ‖w1,n‖X = 1
for each n ∈ N, (w1,n)n∈N admits no converging subsequence and limn∈NA(0)w1,n =
0.
To this end let (fn ∈ L2(∂Ω)\{0})n∈N be a sequence which admits no converging
subsequence and which converges to f ∈ H−1/2(∂Ω)\L2(∂Ω) in H−1/2(∂Ω) so that
‖fn‖L2(∂Ω) → +∞ as n→ +∞. Let w˜1,n ∈ H1∗ (Ω) be the solution to
−∆w˜1,n = 0 in Ω,
ν · ∇w˜1,n = fn at ∂Ω.
The volume part of the norm ‖∇w˜1,n‖L2(Ω) can be uniformly bounded by
sup
n∈N
‖fn‖H−1/2(∂Ω).
Due to (7) we know ‖ trν×∇w˜1,n‖L2t (∂Ω) < +∞ and there exists C > 0 independent
of ∇w˜1,n so that
‖fn‖L2(∂Ω) = ‖ trν·∇w˜1,n‖L2(∂Ω) ≤ C(‖∇w˜1,n‖L2(Ω) + ‖ trν×∇w˜1,n‖L2t (∂Ω)).
It follows ‖ trν×∇w˜1,n‖L2t (∂Ω) → +∞ as n→ +∞. Hence
‖AX(0)∇w˜1,n‖X ≤
√
3‖ǫ‖(L∞(Ω))3×3‖∇w˜1,n‖L2(Ω).
Let w1,n := ∇w˜1,n/‖∇w˜1,n‖X . It follows ‖w1,n‖X = 1 and AX(0)w1,n → 0 as n→
+∞. The existence of a converging subsequence of (w1,n ∈ W1)n∈N would imply
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that (fn ∈ L2(∂Ω))n∈N admits a converging subsequence, which is a contradiction.
Hence (w1,n)n∈N is indeed a singular sequence for AX(0). 
4. Compatible approximation of the Stekloff eigenvalue problem
In this section we discuss Galerkin approximations of (16). In addition to
the basic Assumption 4.1 we embrace in Assumption 4.2 the existence of uni-
formly bounded commuting projections like in [2]. Since we work with the space
H(curl, trν×; Ω) rather than H(curl; Ω), our assumption involves an additional pro-
jection on L2t (∂Ω) compared to [2]. We report in Corollary 4.5 that for Galerkin
approximations which satisfy these two assumptions, we can construct a sequence
of operator functions Tn(·) : C \ {0} → L(Xn) which converges to T (·) in discrete
norm (1) at each λ ∈ C \ {0}. The prove is based on Lemma 4.3 and Lemma 4.4
and applies techniques as outlined in [2]. Consequently we report in Theorem 4.6
that the abstract framework of [14] (which is based on the exhaustive works of
Karma [15], [16]) is applicable. However, the existence and possible construction
of such projection operators remain open questions!
Consider the following basic assumption.
Assumption 4.1. Let (Xn)n∈N be so that Xn ⊂ X and dimXn < ∞ for each
n ∈ N, and
lim
n∈N
inf
u′∈Xn
‖u− u′‖X = 0 for each u ∈ X.(25)
Consider the following additional assumption.
Assumption 4.2. There exists (πXn )n∈N so that
πXn ∈ L
(
L2(Ω)
)
is a projector with Xn = ranπ
X
n ,(26a)
sup
n∈N
‖πXn ‖L(L2(Ω)) < +∞.(26b)
Let Y := L2(Ω) and Z := L2t (∂Ω). There exist sequences (Yn, Zn, π
Y
n , π
Z
n , )n∈N so
that for each H ∈ {Y, Z} it hold
Hn ⊂ H, lim
n∈N
inf
u′∈Hn
‖u− u′‖H = 0,(27a)
πHn ∈ L(H) is a projector with Hn ⊂ ranπHn ,(27b)
sup
n∈N
‖πHn ‖L(H) < +∞.(27c)
Denote E ∈ L(X,L2(Ω)) the embedding operator and set
πn := π
X
n E.(28)
Further let
curl ◦πnu = πYn ◦ curlu and trν× ◦πnu = πZn ◦ trν× u(29)
for each u ∈ X.
Lemma 4.3. Let Assumptions 4.1 and 4.1 hold true. Then the projections πXn , π
Y
n
and πZn converge point-wise to the identity in L
2(Ω),L2(Ω) and L2t (∂Ω) respectively.
Proof. We proceed as in [2]. Let u ∈ L2(Ω) and un ∈ Xn. Since πXn is a projector
it follows
‖(1− πXn )u‖L2(Ω) = ‖(1− πXn )(u− un)‖L2(Ω)
≤ (1 + sup
n∈N
‖πXn ‖L(L2(Ω))
)‖u− un‖L2(Ω)
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and hence
‖(1− πXn )u‖L2(Ω) ≤
(
1 + sup
n∈N
‖πXn ‖L(L2(Ω))
)
inf
un∈Xn
‖u− un‖L2(Ω).
Since X is densely embedded in L2(Ω) and due to Assumption 4.1 the claim follows
for πXn . The claims for π
Y
n and π
Z
n follow like-wise. 
Lemma 4.4. Let Assumptions 2.1, 2.3, 4.1 and 4.2 hold true. Then
lim
n∈N
inf
u∈Xn\{0}
‖(1− πn)PV u‖X/‖u‖X = 0,(30a)
lim
n∈N
inf
u∈Xn\{0}
‖(1− πn)PW1u‖X/‖u‖X = 0,(30b)
lim
n∈N
inf
u∈Xn\{0}
‖(1− πn)PW2u‖X/‖u‖X = 0.(30c)
Proof. We proceed as in [2]. Let un ∈ Xn. Due to curlPW2un = 0, trν× PW2un = 0
and Assumption 4.2 it hold
curlπnPW2un = π
Y
n curlPW2un = 0
and
trν× πnPW2un = π
Z
n trν× PW2un = 0.
Hence
‖(1− πn)PW2un‖X = ‖(1− πn)PW2un‖L2(Ω) = ‖(1− πn)(1 − PW2)un‖L2(Ω)
≤ ‖(1− πXn )E(1 − PW2)‖L(X,L2(Ω)‖un‖X .
Since E|ran(1−PW2 ) = E|H(curl,div0,trν×;Ω) is compact due to (8) and 1 − πXn tends
point-wise to zero it follows limn∈N ‖(1− πXn )E(1− PW2 )‖L(X,L2(Ω)) = 0.
We compute
curlπnPV un = π
Y
n curlPV un = π
Y
n curl(PV + PW1 + PW1)un
= πYn curlun = curlun = curl(PV + PW1 + PW1)un = curlPV un
and hence
‖(1− πn)PV un‖2X = ‖(1− πn)PV un‖2L2(Ω) + ‖ trν×(1− πn)PV un‖2L2t (∂Ω).
We estimate the first term
‖(1− πn)PV un‖L2(Ω) ≤ ‖(1− πXn )EPV ‖L(X,L2(Ω))‖un‖X .
As previously we obtain limn∈N ‖(1 − πXn )EPV ‖L(X,L2(Ω)) = 0. We estimate the
second term
‖ trν×(1 − πn)PV un‖L2t (∂Ω) = ‖(1− πZn ) trν× PV un‖L2t (∂Ω)
≤ ‖(1− πZn ) trν× PV ‖L(X,L2t(∂Ω))‖un‖X .
Due to (9) trν× |V is compact, (1− πZn ) tends point-wise to zero and hence
lim
n∈N
‖(1− πZn ) trν× PV ‖L(X,L2t (∂Ω)) = 0.
The claim for PW1 follows from PW1 = 1− PV − PW2 . 
Corollary 4.5. Let Assumptions 2.1, 2.3, 4.1 and 4.2 hold true. Let Tn(λ) ∈
L(Xn) be defined as Tn(λ) := πnT (λ)|Xn for each λ ∈ C \ {0}. Then
lim
n∈N
‖T (λ)− Tn(λ)‖n = 0(31)
for each λ ∈ C \ {0}.
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Proof. Follows from the definition of T (λ), the triangle inequality and Lemma 4.4.

Theorem 4.6. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold true. Let X, AX(·)
and T (·) be as defined in (20), (21a) and (24) respectively. Let Assumptions 4.1
and 4.2 hold true. Then AX(·) : C \ {0} → L(X) is a holomorphic weakly T (·)-
coercive operator function with non-empty resolvent set and the sequence of Galerkin
approximations
(
PnAX(·)|Xn : C \ {0} → L(Xn)
)
n∈N
is T (·)-compatible. Thus [14,
Corollary 2.8] is applicable.
Proof. Follows from Theorem 3.2, Corollary 3.3 and Corollary 4.5. 
5. Weak T (·)-coercivity of the modified Stekloff operator function
First we introduce the modified electromagnetic Stekloff eigenvalue problem pro-
posed in [10] as holomorphic operator function eigenvalue problem. We proceed as
in Section 3. In Theorem 5.1 we report an apt decomposition of the respective
Hilbert space into two subspaces. Next we introduce in (41) an operator T˜ as an
apt sign change on the subspaces. In Theorem 5.2 we report the weak T˜ -coercivity
of the modified Stekloff operator function. In Corollary 5.4 we deduce convenient
properties of the spectrum in C. We report in a companion article [13] the exis-
tence and behavior of eigenvalues for purely real, symmetric µ and ǫ, i.e. in the
selfadjoint case. In Subsection 5.1 we introduce a formulation with an auxiliary
variable, which implicitly realizes the action of the operator S and prove respective
properties.
The modified electromagnetic Stekloff eigenvalue problem is to
find (λ, u) ∈ C×H(curl; Ω) \ {0} so that A˜(λ)u = 0,(32)
whereby A˜(λ) ∈ L(H(curl; Ω)) is defined through
〈A˜(λ)u, u′〉H(curl;Ω) := 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω)
− λ〈Su, Su′〉L2t (∂Ω) for all u, u′ ∈ H(curl; Ω), λ ∈ C
(33)
and S is as defined in (13). We note again that the sign of λ herein is reversed
compared to [10]. Also, we employ trν× u opposed to uν = trν× u × ν in [10] and
hence we employ through S a map onto gradient functions opposed to a map onto
curl functions as in [10]. As in Section 3 we introduce apt subspaces of H(curl; Ω):
V˜ := H(curl, div0, tr0ν·; Ω),(34a)
W˜ := H(curl0; Ω) = ∇H1(Ω).(34b)
Theorem 5.1. It holds
H(curl; Ω) = V˜ ⊕⊥H(curl;Ω) W˜ ,(35)
i.e. the orthogonal projection operators PV˜ , PW˜ ∈ L
(
H(curl; Ω)
)
satisfy ranPV˜ =
V˜ , ranPW˜ = W˜ , W˜ = kerPV˜ , V˜ = kerPW˜ , u = PV˜ u+PW˜u for each u ∈ H(curl; Ω)
and
〈u, u′〉X˜ := 〈PV˜ u, PV˜ u′〉H(curl;Ω) + 〈PW˜ u, PW˜u′〉H(curl;Ω) = 〈u, u′〉H(curl;Ω)(36)
for all u, u′ ∈ H(curl; Ω).
Proof. All properties are due to the orthogonal decomposition. 
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We observe W˜ ⊂ kerS. We proceed further as in Section 3. Let
X˜ := H(curl; Ω), 〈·, ·〉X˜ as defined in (36).(37)
Let further A˜X˜(·), A˜c, A˜ǫ, A˜l2 , A˜tr ∈ L(X˜) be defined through
〈A˜X˜(λ)u, u′〉X˜ := 〈A˜(λ)u, u′〉H(curl;Ω) for all u, u′ ∈ X˜, λ ∈ C,(38a)
〈A˜cu, u′〉X˜ := 〈µ−1 curlu, curlu′〉L2(Ω) for all u, u′ ∈ X˜,(38b)
〈A˜ǫu, u′〉X˜ := 〈ǫu, u′〉L2(Ω) for all u, u′ ∈ X˜,(38c)
〈A˜l2u, u′〉X˜ := 〈u, u′〉L2(Ω) for all u, u′ ∈ X˜,(38d)
〈A˜tru, u′〉X˜ := 〈Su, Su′〉L2t (∂Ω) for all u, u′ ∈ X˜.(38e)
From the definitions of V˜ , W˜ and W˜ ⊂ kerS we deduce that
A˜X˜(λ) = (PV˜ + PW˜ )(A˜c − ω2A˜ǫ − λA˜tr)(PV˜ + PW˜ )
= PV˜ A˜cPV˜ − ω2PV˜ A˜ǫPV˜ − λPV˜ A˜trPV˜−ω2PW˜ A˜ǫPW˜
− ω2(PW˜ A˜ǫPV˜ + PV˜ A˜ǫPW˜ ).
(39)
If we identify X˜ ∼ V˜ × W˜ and X˜ ∋ u ∼ (v, w) ∈ V˜ × W˜ , we can identify A˜X˜(λ)
with the block operator(
PV˜ A˜c|V˜ − PV˜ (ω2A˜ǫ + λA˜tr)|V˜ −ω2PV˜ A˜ǫ|W˜
−ω2PW˜ A˜ǫ|V˜ −ω2PW˜ A˜ǫ|W˜
)
.(40)
We color highlighted in (39) and (40) the operators which are not compact. This
leads us to define a test function operator in the following way. Let
T˜ := PV˜ − ω−2PW˜ .(41)
Obviously T˜ ∈ L(X˜) is bijective with T˜−1 = PV˜ − ω2PW˜ .
Theorem 5.2. Let ǫ suffice Assumption 2.1, µ suffice Assumption 2.2 and Ω suffice
Assumption 2.3. Thence A˜X˜(·) : C→ L(X˜) is weakly T˜ -coercive.
Proof. Let λ ∈ C. Set
A1 := PV˜ A˜cPV˜ + PV˜ A˜l2PV˜ − ω2PW˜ A˜ǫPW˜
and
A2 := −PV˜ A˜l2PV˜ − ω2PV˜ A˜ǫPV˜ − λPV˜ A˜trPV˜ − ω2(PW˜ A˜ǫPV˜ + PV˜ A˜ǫPW˜ ).
so that A˜X˜(λ) = A1 + A2. Operator A2 is compact due to (8) and (9) and hence
so is T (λ)∗A2. It is straight forward to see
ℜ(〈A1u, T˜u〉X˜) ≥ min(1, cǫ, cµ)‖u‖2X˜ ,
i.e. T˜ ∗A1 is coercive. 
As in [10] we impose an additional assumption.
Assumption 5.3. Let A˜X˜(0) be injective.
Corollary 5.4. Let Assumptions 2.1, 2.2, 2.3 and 5.3 hold true. Then A˜X˜(λ) is
bijective for all λ ∈ C with ℑ(λ) < 0 and λ = 0. The spectrum of A˜X˜(·) in C
consists of an at most countable set of eigenvalues with finite algebraic multiplicity
which have no accumulation point in C.
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Proof. Let λ ∈ C with ℑ(λ) < 0 and u ∈ X be so that A˜X˜(λ)u = 0. It follows
0 = −ℑ(〈A˜X˜(λ)u, u)〉X˜) ≥ −ℑ(λ)‖Su‖2L2t(∂Ω)
and hence A˜X˜(0)u = A˜X˜(λ)u = 0. Due to Assumption 5.3 it follows u = 0, i.e.
A˜X˜(λ) is injective. From Theorem 5.2 we know that A˜X˜(λ) is Fredholm with index
zero for all λ ∈ C and hence A˜X˜(λ) is bijective, if ℑ(λ) < 0 or λ = 0. For the
remaining claim see the proof of Corollary 5.4. 
5.1. Auxiliary formulation. A Galerkin approximation to (32) doesn’t yield a
computational method yet, because the term 〈Sun, Su′n〉L2t (∂Ω) needs to evaluated.
Therefore we proceed as in [10] and introduce an auxiliary variable. To this end let
Z˜ := H1∗ (∂Ω), 〈·, ·〉Z˜ := 〈∇∂ ·,∇∂ ·〉L2t (∂Ω),(42)
X˜ := X˜ × Z˜, 〈(u, z), (u′, z′)〉 ˜˜X := 〈u, u′〉X˜ + 〈z, z′〉Z˜(43)
for all (u, z), (u′, z′) ∈ X˜ and for l ∈ {0, 1} let
〈A˜l(λ)(u, z), (u′, z′)〉 ˜˜X := 〈µ
−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω)
+ λ〈z, div∂ trν× u′〉H1(∂Ω)×H−1(∂Ω)
+ λl〈div∂ trν× u, z′〉H−1(∂Ω)×H1(∂Ω)
+ λl〈∇∂z,∇∂z′〉L2t (∂Ω)
(44)
for all (u, z), (u′, z′) ∈ X˜ and λ ∈ C. If the coefficients µ, ǫ are real and symmetric,
the choice l = 1 preserves the self adjointness of (44). This is of advantage, if
one chooses to implement a discretization which is based directly on (44). On the
other hand if one aims to build the Schur-complement with respect to the second
component in a later discretization step, then the choice l = 0 leads to no restriction
on λ. Let
Λ0 := C, Λ1 := C \ {0}.(45)
Lemma 5.5. If (λ, u) ∈ C × X˜ \ {0} so that A˜(λ)u = 0, then A˜l(λ)(u, z) = 0
with z ∈ Z˜ so that Su = ∇∂z. Vice-versa, if (λ, (u, z)) ∈ Λl × X˜ \ {0} so that
A˜l(λ)(u, z) = 0, then Su = ∇∂z and A˜(λ)u = 0.
Proof. Let (λ, u) ∈ C× X˜ \ {0} so that A˜(λ)u = 0 and z ∈ Z˜ be so that ∇∂z = Su.
It follows
0 = 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω) − λ〈Su, Su′〉L2t (∂Ω)
= 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω) − λ〈∇∂z, Su′〉L2t (∂Ω)
= 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω) + λ〈z, div∂ Su′〉H1(∂Ω)×H−1(∂Ω)
= 〈µ−1 curlu, curlu′〉L2(Ω) − ω2〈ǫu, u′〉L2(Ω) + λ〈z, div∂ trν× u′〉H1(∂Ω)×H−1(∂Ω)
for each u′ ∈ X˜. It follows further
0 =〈div∂ trν× u, z′〉H−1(∂Ω)×H1(∂Ω) + 〈∇∂z,∇∂z′〉L2t (∂Ω)
for each z′ ∈ Z˜ from the definition of S and z. The reverse direction follows
like-wise. 
Let B ∈ L(Z˜, X˜) so that
〈Bz, u〉X˜ := 〈z, div∂ trν× u〉H1(∂Ω)×H−1(∂Ω)(46)
14 MARTIN HALLA
for all z ∈ Z˜, u ∈ X˜ . Then A˜l(λ) admits the block representation
A˜l(λ) =
(
A˜c − ω2A˜ǫ λB
λlB∗ λl IZ˜
)
.(47)
This leads us to define
T˜ l(λ) :=
(
T˜
λ
−l
IZ˜
)
, λ ∈ Λl.(48)
Theorem 5.6. Let ǫ suffice Assumption 2.1, µ suffice Assumption 2.2 and Ω suffice
Assumption 2.3. Thence A˜l(·) : Λl → L(X˜) is weakly T˜ l(·)-coercive.
Proof. Let
A1 :=
(
PV˜ (A˜c + A˜l2)PV˜ − ω2PW˜ A˜ǫPW˜
λl IZ˜
)
.
and
A2 :=
(−PV˜ (ω2A˜ǫ + A˜l2)PV˜ − ω2(PV˜ A˜ǫPW˜ + PW˜ A˜ǫPV˜ ) λB
λlB∗
)
.
so that A˜l(λ) = A1 +A2. It follows
ℜ(〈A1(u, z), T˜ l(λ)(u, z)〉 ˜˜X) ≥ min(1, cµ, cǫ)‖(u, z)‖2˜˜X
for each (u, z) ∈ X˜ , i.e. T˜ l(λ)∗A1 is coercive. Let ι ∈ L
(
H−1/2(∂Ω), H1/2(∂Ω)
)
be the isomorphism so that 〈φ, φ′〉H1/2(∂Ω)×H−1/2(∂Ω) = 〈φ, ιφ′〉H1/2(∂Ω) for all φ ∈
H1/2(∂Ω) and φ′ ∈ H−1/2(∂Ω). Let E ∈ L(H1(∂Ω), H1/2(∂Ω)) be the embedding
operator. Then
〈Bz, u〉X˜ = 〈z, div∂ trν× u〉H1(∂Ω)×H−1(∂Ω)
= 〈Ez, div∂ trν× u〉H1/2(∂Ω)×H−1/2(∂Ω)
= 〈Ez, ιdiv∂ trν× u〉H1/2(∂Ω)
= 〈(ιdiv∂ trν×)∗Ez, u〉X˜ ,
i.e. B = (ιdiv∂ trν×)
∗E. Since E is compact, so are B and B∗. The remaining
terms of A2 are compact due to (8). Hence T˜
l(λ)∗A2 is compact too. 
Corollary 5.7. Let Assumptions 2.1, 2.2, 2.3 and 5.3 hold true. Then A˜l(λ) is
bijective for all λ ∈ C with ℑ(λ) < 0.
Proof. Follows from Theorem 5.6, Lemma 5.5 and Corollary 5.4. 
6. Compatible approximation of the modified Stekloff eigenvalue
problem
In this section we discuss Galerkin approximations of A˜l(·). We proceed as in
Section 4. We embrace the basic Assumptions 6.1, 6.2 and in Assumption 6.3 the
existence of uniformly bounded commuting projections like in [2]. We report in
Corollary 6.6 that for Galerkin approximations which satisfy these three assump-
tions, we can construct a sequence of operator functions T˜ ln(λ) ∈ L(X˜n) which
converges to T˜ l(λ) in discrete norm (1) at each λ ∈ Λl. Consequently we report in
Theorem 6.7 that the abstract framework of [14] is applicable. Finally, we discuss
some topics concerning the computational implementation.
Consider the following basic assumptions.
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Assumption 6.1. Let (X˜n)n∈N be so that X˜n ⊂ X˜, dim X˜n < ∞ for each n ∈ N
and
lim
n∈N
inf
u′∈X˜n
‖u− u′‖X˜ = 0 for each u ∈ X˜.(49)
Assumption 6.2. Let (Z˜n)n∈N be so that Z˜n ⊂ Z˜, dim Z˜n < ∞ for each n ∈ N
and
lim
n∈N
inf
z′∈Z˜n
‖z − z′‖Z˜ = 0 for each z ∈ Z˜.(50)
Let
X˜n := X˜n × Z˜n.(51)
Consider the following additional assumption.
Assumption 6.3. There exists (πX˜n )n∈N so that
πX˜n ∈ L
(
L2(Ω)
)
is a projector with X˜n = ranπ
X˜
n ,(52a)
sup
n∈N
‖πX˜n ‖L(L2(Ω)) < +∞.(52b)
Let Y˜ := L2(Ω). There exist sequences (Y˜n, π
Y˜
n )n∈N so that
Y˜n ⊂ Y, lim
n∈N
inf
u′∈Y˜n
‖u− u′‖Y˜ = 0,(53a)
πY˜n ∈ L(Y˜ ) is a projector with Y˜n ⊂ ranπY˜n ,(53b)
sup
n∈N
‖πY˜n ‖L(Y˜ ) < +∞.(53c)
Denote E˜ ∈ L(X˜,L2(Ω)) the embedding operator and set
π˜n := π
X˜
n E˜.(54)
Further let
curl ◦π˜nu = πY˜n ◦ curlu(55)
for each u ∈ X˜.
Lemma 6.4. Let Assumptions 6.1 and 6.3 hold true. Then the projections πX˜n and
πY˜n converge point-wise to the identity in L
2(Ω).
Proof. Proceed as for Lemma 4.3. 
Lemma 6.5. Let Assumptions 2.1, 2.3, 6.1 and 6.3 hold true. Then
lim
n∈N
inf
u∈X˜n\{0}
‖(1− π˜n)PV˜ u‖X˜/‖u‖X˜ = 0,(56a)
lim
n∈N
inf
u∈X˜n\{0}
‖(1− π˜n)PW˜u‖X˜/‖u‖X˜ = 0.(56b)
Proof. Proceed as for Lemma 4.4. 
Corollary 6.6. Let Assumptions 2.1, 2.3, 6.1, 6.2 and 6.3 hold true. Let T˜n ∈
L(X˜n) be defined as T˜n := π˜nT˜ |X˜n and T˜ ln(λ) ∈ L(X˜n) as
T˜ ln(λ) :=
(
T˜n
λ
−l
IZ˜n
)
.(57)
for λ ∈ Λl. Then
lim
n∈N
‖T˜ l(λ)− T˜ ln(λ)‖n = 0(58)
at each λ ∈ Λl.
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Proof. Proceed as for Corollary 4.5. 
Theorem 6.7. Let Assumptions 2.1, 2.2, 2.3 and 5.3 hold true. Let X˜, A˜l(·),
T˜ l(·) and Λl be as defined in (42), (44), (48) and (45) respectively. Let Assump-
tions 6.1, 6.2 and 6.3 hold true. Then A˜l(·) : Λl → L(X˜) is a holomorphic weakly
T˜ l(·)-coercive operator function with non-empty resolvent set and the sequence of
Galerkin approximations
(
P˜nA˜
l(·)| ˜˜Xn : Λl → L(X˜n)
)
n∈N
is T˜ l(·)-compatible. Thus
Corollary 2.8 of [14] is applicable.
Proof. Follows from Theorem 5.6, Corollary 5.7 and Corollary 6.6. 
Theorem 6.7 tells that suitable Galerkin approximations to A˜l(·) yield reliable
approximations. In particular, if X˜n and Z˜n are chosen as finite element spaces with
fixed polynomial degrees pX˜ , pZ˜ and decreasing mesh width h(n), Theorem 6.7 tells
that one should choose pX˜ = pZ˜ to obtain asymptoticly optimal convergence rates.
We move on and discuss further issues related to the computational implemen-
tation. We note that if X˜n ⊂ H(curl, trν×; Ω), then the duality pairs in (44) can
be evaluated as integrals:
〈zn, div∂ trν× un〉H1(∂Ω)×H−1(∂Ω) = −〈∇∂zn, trν× un〉L2t (∂Ω).
Let further for un ∈ X˜n, zn be the solution to find zn ∈ Z˜n so that
〈∇∂zn,∇∂z′n〉L2t (∂Ω) = −〈div∂ trν× un, z′n〉H−1(∂Ω)×H1(∂Ω)(59)
for all z′n ∈ Z˜n and set
Snu := ∇∂zn.(60)
From the construction of Sn it follows Sn ∈ L
(
X˜n,L
2
t (∂Ω)
)
and further
Snu = P
n
∇∂
trν× un(61)
for un ∈ H(curl, trν×; Ω) with Pn∇∂ being the L2t (∂Ω)-orthogonal projection onto
∇Z˜n. Let further A˜n(λ) ∈ L(X˜n) be defined by
〈A˜n(λ)un, u′n〉X˜ := 〈µ−1 curlun, curlu′n〉L2t (∂Ω) − ω2〈ǫun, u′n〉L2t (∂Ω)
− λ〈Snun, Snu′n〉L2t (∂Ω) for all un, u′n ∈ X˜n, λ ∈ C,
(62)
i.e. A˜n(λ) is the Schur-complement of P˜nA˜
0(λ)| ˜˜Xn with respect to zn ∈ Z˜n. Obvi-
ously A˜n(·) is a Galerkin approximation with variational crime S∗nSn 6= P˜nS∗S|X˜n
of A˜(·). The approximation properties of A˜n(·) to A˜(·) are already provided by our
previous analysis, i.e. our analysis technique avoided to the discuss the variational
crime directly. If further X˜n ⊂ H(curl, trν×; Ω), then
〈Snun, Snu′n〉L2t (∂Ω) = 〈Pn∇∂ trν× un, Pn∇∂ trν× u′n〉L2t (∂Ω)
= 〈Pn∇∂ trν× un, trν× u′n〉L2t (∂Ω)
= 〈Snun, trν× u′n〉L2t (∂Ω).
(63)
Let (zn)
N
n=1 be a basis of Z˜n and consider the matrix M ∈ CN×N with entries
Mn,m := 〈∇∂zn,∇∂zm〉L2t (∂Ω).(64)
To implement the operator Sn, the matrix M needs to be inverted. However, due
to Z˜n ⊂ Z˜ = H1∗ (∂Ω) the matrix M is dense. To obtain a sparse matrix M the
following procedure was suggested in [10]. Let γ > 0 be small and K := span{1}
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be the space of constant functions. For un ∈ X˜n let zn be the solution to find
zn ∈ Z˜n ⊕K ⊂ H1(∂Ω) so that
〈∇∂zn,∇∂z′n〉L2t (∂Ω) + γ〈zn, z′n〉L2(∂Ω) = −〈div∂ trν× un, z′n〉H−1(∂Ω)×H1(∂Ω)(65)
for all z′n ∈ Z˜n ⊕K ⊂ H1(∂Ω) and set
Sγnun := ∇∂zn.(66)
We analyze this modification in two steps. First we consider the perturbation of the
sesquilinear form 〈∇∂ ·,∇∂ ·〉L2t (∂Ω) to 〈∇∂ ·,∇∂ ·〉L2t (∂Ω) + γ〈·, ·〉L2(∂Ω) on the space
Z˜n ⊂ H1∗ (∂Ω). The analysis of such a perturbation is straight forward and of
magnitude γ. Secondly we note that the solution zn ∈ Z˜n ⊕ K ⊂ H1(∂Ω) to (65)
satisfies 〈zn, 1〉L2(∂Ω) = 0, i.e. zn ∈ Z˜n. Thus a replacement of Z˜n ⊂ H1∗ (∂Ω) by
Z˜n ⊕ K ⊂ H1(∂Ω) doesn’t change the respective solution to (65) and hence no
additional error is produced.
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